A Bilinear Estimate for Biharmonic Functions 
in Lipschitz Domains 

Joel Kilty* Zhongwei Shen^ 



Abstract 

We show that a bilinear estimate for biharmonic functions in a Lipschitz domain Q 
is equivalent to the solvability of the Dirichlet problem for the biharmonic equation 
in Q. As a result, we prove that for any given bounded Lipschitz domain Q in M. d 
and 1 < q < oo, the solvability of the L q Dirichlet problem for A 2 u = in f2 with 
boundary data in WA ' q (dQ) is equivalent to that of the LP regularity problem for 
A 2 u = in $7 with boundary data in WA 2 ' p (d£l), where ~ + ~ = 1. This duality 
relation, together with known results on the Dirichlet problem, allows us to solve the 
LP regularity problem for d > 4 and p in certain ranges. 

M5C(2000): 35J40. 
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1 Introduction 

Let f2 be a bounded Lipschitz domain in M d , d > 2. We will use WA k ' p (dVL) to denote the 
completion of the set of arrays of functions 

{/ = (fa)\a\<k = (D a f\ dQ ) H < k : / 6 C °°(R d )} (1.1) 
under the scale-invariant norm on dQ, 

11/11*,:= m^wfah, (i.2) 

\a\<k 

where || • || p denotes the norm in L p (dQ). In this paper we are interested in the Dirichlet prob- 
lem for the biharmonic equation A 2 u = in Q with boundary data taken from WA k ' p (d£l) 
where k = 1 or 2. Recall that the LP Dirichlet problem, denoted by (D) p , is said to be 
uniquely solvable if given any / G WA^idQ), there exists a unique function u such that 

A 2 u = in Q, 

D a u = f a a.e. on dVl for \a\ < 1, (1.3) 

(WT G L p (dtt). 
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Moreover, the solution u satisfies the estimate 



||(v«)*|| p + \dn\^\\{ u y\\ p < c \dn\^\\f a \\ p . (i.4) 

|o|<l 

Here (w)* denotes the nontangential maximal function of w. 

If the Dirichlet data in ([LSD are taken from WA 2 ' p (dtt) instead of W4 1,p (<9ft), we may 
expect the solution to have one higher order regularity. This is the so-called LP regularity 
problem. Let Vt<7 denote the tangential derivatives of g on <9ft. We say that the LP regularity 
problem for A 2 u = in ft, denoted by (R) p , is uniquely solvable if given g = {g a : \a\ < 
2} G WA 2 ' p (dCl), there exists a unique function u such that 

A 2 u = in ft, 

D a u = g a a.e. on <9ft for \a\ < 1, (1-5) 

(V 2 w)* G L p (<9ft). 

Moreover, the solution satisfies the estimate 

\\(v 2 u)% + \dn\^\\(vu)% + \dn\^\\(u)*\\ p 

<c{ E h v ^ii p + E m 2 -^\\g a \\ P \ (L6) 

|a|=l |a|<l 

and V 2 ii has nontangential limits a.e. on <9ft. 

If ft is a bounded C l domain, the L p Dirichlet problem (D) p for the biharmonic equation is 
uniquely solvable for any 1 < p < oo j2j[28]. By the duality argument in [29J for star-shaped 
Lipschitz domains (or by Theorem 1.1 below), this implies that the L p regularity problem 
(R) p for the biharmonic equation in C 1 domains is uniquely solvable for 1 < p < oo. However, 
it has been known that given any p < 2 or p large in the case d > 4, there is a bounded 
Lipschitz domain for which the L p Dirichlet problem is not solvable (see e.g. [7| [18]). 

The main result in this paper is the following duality relation between the Dirichlet and 
regularity problems for the biharmonic equation in Lipschitz domains. 

Theorem 1.1. Let 1 < p < oo and ^ + - = 1. Let ft be a bounded Lipschitz domain in M. d , 
d > 2. For the biharmonic equation A 2 u = 0, the Dirichlet problem (D) q in ft is uniquely 
solvable if and only if the regularity problem (R) p in ft is uniquely solvable. 

Theorem 11.11 extends a similar result in [12] for second order elliptic systems. We mention 
that although it is not explicitly stated, the duality relation between the Dirichlet and 
regularity problems was essentially established by G. Verchota in the case of star-shaped 
Lipschitz domains for Laplace's equation in [27|. Verchota's duality argument relies on the 
representation of solutions by layer potentials in terms of their Cauchy data, and exploits the 
square function estimates and a well known fact that there exists a local pointwise estimate 
between a square function of D^u and a square function of D^u [26]. A similar idea was 
used in [29J to establish the solvability of the L 2 regularity problem for the polyharmonic 
equation in Lipschitz domains. The approach in [12] and in this paper uses the basic duality 
argument of Verchota. One of our main contributions is a localization argument which allows 
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us to establish the duality relation between the Dirichlet and regularity problems for each 
individual Lipschitz domain, not just the class of all Lipschitz domains in IR d . 
More precisely, to prove Theorem 11.1] we introduce a bilinear form 

A[f,g]:= lim / {tt-Aw • v - Au ■ da = - / Au-Avdx, (1.7) 
m ^°° Jdn m [on dn) J n 

for f,g G CqIM. 1 *), where Q m j Q and w, t> are solutions of the L 2 regularity problem for the 
biharmonic equation in Q with boundary data D a f, D a g, respectively. The key new idea 
in this paper is to show that both the solvability of (D) q and the solvability of (R) p are 
equivalent to the following bilinear estimate, 

Theorem 1.2. Let 1 < p < oo and - + ^ = 1. For A 2 u = in a bounded Lipschitz domain 
Q in ~R d , d > 2, the following statements are equivalent. 

1. The L q Dirichlet problem (D) q is uniquely solvable in Q. 

2. The L p regularity problem (R) p is uniquely solvable in Q. 

3. The bilinear estimate U.8\) holds for any f,g £ C^(M. d ). 

There exists an extensive literature on LP boundary values problems in Lipschitz domains 
for p near 2 and d > 2 (see e.g. [10] for references). In particular the solvability of the L 2 
Dirichlet and regularity problems for the biharmonic equation in Lipschitz domains was 
established in [TJ We mention that in the lower dimensional case d — 2, 3, the sharp 
ranges of p's for which the LP boundary value problems are solvable are known for elliptic 
systems and higher order elliptic equations (see [SJ [HI [191 [30]). Results on the inhomogeneous 
Dirichlet problem for A 2 as well as for general higher order elliptic systems may be found 
in [H dni El d5] . The LP boundary value problems in higher dimensional case d > 4 were 
studied by Shen in [223 [231 [21 E5] • Related work may be found in PH [2D E2] for the Stokes 
system. These results extend the classical work of Dahlberg, Jerison, Kenig, and Verchota in 
[31 SI El [9[ [27] on LP boundary value problems for Laplace's equation in Lipschitz domains. 

More specifically, for the biharmonic equation in Lipschitz domains, the LP Dirichlet 
problem is solvable for 2 — £<p<ooif<i = 2or3; for 2 — e < p < 6 + e if d = A; for 
2 — e < p < 4 + e if d = 5,6,7; and for 2 — e < p < Pd + £ if d > 8, where 



4 _ d + 10 + 2J2(d 2 -d + 2) , N 

Pd = 2 + — — and X d = V "> ( L9 ) 

a — Ad i 

(see GSl US] E21 EU EU; the ranges of p are known to be sharp for 2 < d < 7). When 
combined with these results on the Dirichlet problem, Theorem 1.1 allows us to solve the 
L p regularity problem for the biharmonic equation in Lipschitz domains. The results in the 
following theorem are new in the case d > 4 and p < 2. 
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Theorem 1.3. Let Q be a bounded Lipschitz domain in M . Then the L p regularity problem 
for A 2 u = in Q is uniquely solvable if 



l<p<2 + e if (2 = 2,3, 

(6/5) -e <p<2 + e if d = 4, 

(4/3) - e < p < 2 + e if d= 5, 6, 7, 

g d -£<p<2 + £ if d>8, 

where e > depends on Q, = Pd/{Pd — 1) one? is gwen fry / II. 9\) . Moreover, the ranges 
of p's are sharp for 2 < d < 7. 

For a general homogeneous elliptic system of order 21 with constant coefficients, it was 
proved in [23] that given any p > 2, the solvability of (D) p is equivalent to a weak reverse 
Holder condition with exponent p. A similar result was established in [12] for (R) p with 
p > 2. It follows from Theorem 1 1 . 1 1 1 hat for the biharmonic equation, the solvability of (D) p 
for some p < 2 is equivalent to a weak reverse Holder condition with exponent q = ^y. 
Since the weak reverse Holder conditions have the self-improving property, we obtain the 
following. 

Theorem 1.4. For the biharmonic equation in a bounded Lipschitz domain Q, the set of all 
exponents p G (1, oo) for which (D) p in Q is uniquely solvable is open. 

Finally we note that any convex domain is a Lipschitz domain. It was proved in [21] 
that the L p Dirichlet problem for the biharmonic equation in convex domains is solvable 
for 2 < p < oo. Theorem 11.11 together with recent results on the boundedness of V 2 w for 
biharmonic functions in convex domains in [13] and Theorem 1.1 in [12], allows us to solve 
the LP Dirichlet and regularity problems on convex domains for any 1 < p < oo. 

Theorem 1.5. For the biharmonic equation in a convex domain Q in M. d , the LP Dirichlet 
and regularity problems are uniquely solvable for any 1 < p < oo. Furthermore, the solution 
of the LP Dirichlet problem with boundary data D a u G L°°(dQ) for \a\ < 1 satisfies the weak 
maximum principle 

1 1 V« 1 1 1,00(0) < C \\Vu\\ Lac(dQ) . (1.10) 

Remarks on notations. The summation convention will be used throughout this paper. 
Also, Q will denote a bounded Lipschitz domain in IR d , d > 2 and n the unit outward normal 
to dQ. By rescaling we may always assume that \dQ\ = 1. We will use {D) p and {R) p to 
denote the LP Dirichlet and regularity problems respectively for A 2 u = in Q. 



2 Preliminary estimates 

In this section we collect several estimates that will be needed later in the paper. We start 
with definitions of the nontangential maximal function and the square function. Given a 
regular family of truncated nontangential cones {^(Q) '■ Q G dfl} for Q, the nontangential 
maximal function (w)* is defined by 

H*(Q) =sup{Kar)| : xG 7 (<3)} (2.1) 
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and the square function S(w) by 



\Vw(xV 2 ^ 1/2 



S(w)(Q) = {l ± \;i 2 dx\ . (2.2 



7(0) 



\x-Q\ 



It was proved in [T7] that if A 2 u = in Q, then 

\\S(Vu)\\ p <C\\(Vu)% (2.3) 

and 

\\{Vu)% <C ^\\S{Vu)\\ p + su?\Vu\\, (2.4) 
where < p < oo and K C fi is compact. 

Lemma 2.1. Let P G dQ. Suppose that for some constants C > C\ > 10, we have 
Q C B(P,C r) and 

B(P,C ir )nn = B{P,C x r) n {(x',x d ) : x d > rj(x')}, (2.5) 

where r] : R^ 1 is Lipschitz. Then there exist two regular families of truncated nontan- 

gential cones {j(Q) '■ Q G dQ}, {j(Q) '■ Q G dQ} such that for any biharmonic function u 
in Q, 



S(Vu)(Q) <C^S(D d u) (Q) + sup \Vu\j for any Q G B(P, 5r) n dQ, (2.6) 

where S(w) and S(w) denote the square functions defined by using j(Q) and j(Q) respec- 
tively, and K dQ is compact. 

Proof. Estimate (12. 6p follows from the well known interior estimates for biharmonic functions 
by an argument found in pp. 214-216 of [22]. We omit the details. □ 

Lemma 2.2. Under the same assumptions as in Lemma \2. 1\ we have 

[ \M(w)\ p da < C \ [ \w\ p dx+ [ \Vw\ p dx\, (2.7) 

JB(P,5r)ndQ {Jn JQ J 

where w G C 1 (fi) ; 1 < p < oo, and A4(w)(Q) = sup 0<t<cr \w(Q + ted)\- 
Proof. We may assume that r — 1. Writing 

w(Q + t^d) - w(Q + te d ) = / D d w(Q + se d )ds 



for < t < t\ < c and using Holder's inequality, we obtain 

HQ + te d )\ p < C i ] \w{Q + t l e d )\ p + J^\D d w{Q + se d )\ p ds 

Next integrating both sides in t\ gives 

\w(Q + te d )\ p <C [J \w(Q + se d )\ p ds + J \D d w(Q + se d )\ p ds 

The desired estimate now follows by taking the supremum in t and then integrating in Q 
over B(P,5r) n dQ. □ 
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Throughout the remainder of the paper we will often need to approximate a Lipschitz 
domain Q with a sequence of C°° domains Q m . Here we briefly recall some of the most 
important properties of this approximation scheme, which can be found in [27] . 

Theorem 2.3. Let Q C R d be a bounded Lipschitz domain. Then 

1. There is a sequence of C°° domains, Qj C Q, and homeomorphisms, Aj : dQ — > dflj, 
such that supg g9a \Q — Aj(Q)\ — > as j — > oo and for all j and all Q G 50, Aj(Q) e 
7(Q). i/ere : Q G <9f2} is a family of regular nontangential cones associated with 

fi. 

There are positive functions Uj : <9fi — > K bounded away from zero and infinity uni- 
formly in j such that for any measurable set E C <9fi, j E Ujda = f A ., E \ do~j, and so 
that ujj — > 1 pointwise a.e. and in L q (dQ), 1 < g < oo. 

5. T/ie normal vectors to Qj, n(Aj(Q)), converge pointwise a.e. and in every L q (dQ), 
1 < q < oo to n(Q). 

4- There exists a C°° vector field h in M d such that for all j and Q G dfl 

< h(A i (Q)),n(A i (g)) >> c> 0, 

where c depends only on d and the Lipschitz character offl. 

We will write Qj | Q to indicate such a sequence of approximating domains. 



Lemma 2.4. Lei p > 2 and ~ + ~ = 1. Suppose that Aw = in Q, w = g (z L p (dQ) on dfl, 

dw 
On 



and (w)* G L p {dQ). Then £=^e W'^idQ) in the sense that for any f G W^^dQ), 



1(f): Inn I ^-Fda [2.1 



m— >oo 



where Q m f f2 and F is any function with the property that F G C l (fl\K) for some compact 
subset K of Q, (VF)* G L q (dfl), and F = f a.e. on dQ in the sense of nontangential 
convergence. Moreover, 

UWw-^(dn) < C \\g\\ p (2.9) 

and 

((f) = f w-^da, (2.10) 



mi 



dn 



where 

Av = in Q, 

v = f on dVt, (2.11) 

(Vv)* G L 9 (<9fi). 

Proof. The proof uses the fact that the L q regularity problem (12.111) for Laplace's equation 
is solvable in any Lipschitz domain for 1 < q < 2. See Lemma 4.9 and its proof in [31]. □ 
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Lemma 2.5. Suppose that A 2 u = F in Q and F G C(JT). If the sequence {|| V 3 u\\LP(an m )} 
is bounded for some p > 1 and Q m j Q, then V 3 u has nontangential limits a.e. on dQ. 
Furthermore, V 3 w G L p (dQ) and 

||(V 3 M )*|| p <C{||V 3 M || p +||F|| L oo (Q) }, (2.12) 

where C depends only on d, p and the Lipschitz character offl. 

Proof. Let T(x) denote the fundamental solution for the operator A 2 in M. d , with pole at the 
origin. By substracting w(x) = f n T(x — y)F(y) dy from u, one may assume that F = 0. 
In this case the conclusion of the lemma is proved in |12] (see Theorem 2.1) under the 
assumption (V 3 w)* G L p (dQ). An inspection of the proof of Theorem 2.1 shows that the same 
argument goes through under the weaker assumption that the sequence {|| V 2e ~ 1 u\\Lp(an m )} 
is bounded, where u is a solution of a general homogeneous elliptic system of order 2£ with 
constant coefficients. We omit the details. □ 



We end this section with a Green's identity for the bi-Laplacian A 2 , 

f ( d . . dv 1 , f f d . . du 

I < —Am • v—Au ■ — >da — < —Aw ■ u — Av ■ — 
Jan. V dn dn ) Jan {^n On 



I {vA 2 u — uA 2 v}dx 
Jn 



(2.13) 



for any u, v G C 4 (f2). 



3 Uniqueness 

In this section we prove two theorems on the uniqueness of the Dirichlet and regularity 
problems for the biharmonic equation in Lipschitz domains. Let T x (y) = T(y — x), where 
T(y) denotes the fundamental solution of A 2 u = in M. d with pole at the origin. 

Theorem 3.1. Let 1 < p < oo and - + - = 1. Suppose that for each iGfl, the L q Dirichlet 
problem for the biharmonic equation in Q with boundary data D a T x has a solution V x . Then 
the solution of the LP regularity problem for the biharmonic equation in Q with any given 
boundary data in WA 2 ' p (d£l), if it exists, is unique. 

Proof. Fix x G and let G x = T x — V x . For < e < (l/4)dist(a;, dtt), choose cp = (p £ so 
that = 1 in {y G Q : dist(y,dQ) > 2e}, <p = in {y G Q : dist(y,dQ) < (l/2)e}, and 
\D a (p\ < Ce~\ a \ for \a\ < 4. Suppose now that A 2 u = in VL. We may write 

u (x) = [ G x A 2 (mp)dy 
Jn 

G x {ADiAu ■ Dup + 2Am • Atp + ADiDjU ■ DiDjip + ADiU ■ DiAtp + uA 2 (f] dy 

= -4 f DiG x ■ Au ■ Diip dy 
Jn 

+ / G x { - 2 Am ■ Aip + ADiDju ■ DiDjtp + AD^u ■ D^Aip + uA 2 ip} dy. 
Jn 
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It follows that 

\u(x)\<C [ {e^lVG*] \Au\ + e- 2 \G x \ \V 2 u\ + e- 3 \G x \ \Vu\ + £~ 4 \G X \ \u\}dx, (3.1) 

where K £ = {x G O : (l/2)e < dist(x,90) < 2e}. 
Let 

(ty)*(Q) = sup (Ha;) | : x G j{Q) and dist(x,90) < 2e). (3.2) 

Since G x = on 90, we have |G*(3/)| < Ce (VG X )* £ (Q) for any y G 7(g) with dist(y, 90) < 
2e. Similarly, if u = |Vw| = on 90, we have |u(y)| < C*£: 2 (V 2 -u)*(Q) and |Vw(y)| < 
Ce{V 2 u)*{Q) for any y G 7(Q) with dist(y, 90) < 2e. This, together with (iO) . shows that 

\u{x)\<C I {VG x Y e {V 2 uYda (3.3) 

if A 2 n = and u = |V«| = on 90. 

Finally, if u is a solution of the LP regularity problem with zero data, then 

(VG x y £ (v 2 u y g l : (90), 

as (VG X )* G L q (dVt) and (V 2 w)* G L p (90). Furthermore, since |VG X | = on 90, we see 
that (VG x )l — > as e — > 0. Consequently, by Lebesgue's dominated convergence theorem, 
the integral in (13. 3p converges to as e — >• 0. It follows that m(x) = for any x G 0. This 
gives the uniqueness of the L p regularity problem. □ 

We have a similar result on the uniqueness of the L p Dirichlet problem. 

Theorem 3.2. Let 1 < p < 00 and ^ + i = 1. Suppose that for each x G 0, t/ie L p 
regularity problem for the biharmonic equation in O wt/i boundary data D°T X has a solution 
W x . Then the solution of the L q Dirichlet problem for the biharmonic equation in O with 
any given boundary data in WA ,9 (90) ; z/ exists, is unique. 

Proof. The proof is similar to that of Theorem 13. 11 Fix x G O and let G x = T x — W x . It 
follows from integration by parts that if A 2 u = in O, 

u(x) = [ G x A 2 (uif )dy 
Jn 

= 4 / DiDjG x ■ D jU ■ Di<p dy + 2 D { G X ■ D iU ■ Ay? dy 
Jn Jn 

+ [ G x {2D lU - Di A V + u A 2 ip}dy. 
Jn 

As in the proof of Theorem 13.11 this implies that 

\u(x)\<C f (V 2 G x y £ (Vu)*do-, (3.4) 
Jan 

if u is a solution of the L q Dirichlet problem with zero boundary data. Since 

{v 2 G x y £ {v u y < (v 2 g%(v«)* g l : (90) 

for < e < Eo = (l/4)dist(x, 90) and (Vtt)* — > as e — > 0, we again obtain u(x) = for 
any x G O by Lebesgue's dominated convergence theorem. □ 



8 



4 A bilinear estimate 



Let /, g be two C 2 functions in some neighborhood of dfl and u, v be solutions of the L 2 
regularity problem for the biharmonic equation in Q with boundary data /, g respectively, 
given in [23 [20]; that is, 



A 2 u = in Q, f A 2 d = in fi, 

D a u = D a f on dn, \a\ < 1, < D a v = D a g on <9ft, \a\ < 1, 

||(V 2 n)1 2 <oc, { ||(V 2 t;)*|| 2 < oo. 

Note that V 2 w and V 2 t> both have nontangential limits a.e. on dQ. We now introduce the 
bilinear form 

A\f,g]:= lim / l ^-Au • v - Au ~ \ da = - [ Au-Avdx, (4.1) 
m ^°° Jdn m [dn dn) J n 

where Q m | Q. Note that A[f,g] = A[g, /]. Also, since Au is harmonic in Q, by Lemma \2A\ 
we have 

A[/, g] = lim / J —Am • w - Au ~ \ da, (4.2) 
m ^°°Jdn m [on dn) 

where w G C 2 (Q\ K) for some compact subset K of Q and has the property that (Vw)* G 
L 2 (<9f2), and w = g, Vu> = Vg a.e. on dQ in the sense of nontangential convergence. 



Proposition 4.1. Let 2 < p < oo and i + - = 1. Suppose that the LP regularity problem 
for the biharmonic equation in Q is uniquely solvable. Then 

\A[f,g}\ < c|||V t V/|| p + ||V/|| P + ||/|| P U||Vp|| ff + (4.3) 

for any functions f,g which are C 2 in some neighborhood of dVt. 

Proof. It follows from the solvability of the LP regularity problem that (Am)* G L p (dQ). In 
view of Lemma 12.41 we have 

A[f,g]=£(g)- [ Au ■ ^ da 
Jan dn 

where £ = £Au G W- l ' p (dQ), and 



\Hf,9]\ < CIIAwllp^ IMIw^an) + ||^-||g 



< CI || Vi V/|| p + ||V/|| P + ||/|| p \\Vg\\ q + \\g 



(4.4) 



□ 



We will show in the next two sections that for any 1 < p < oo, the solvability of either the 
LP regularity problem or the L q Dirichlet problem also implies the bilinear estimate (14. 3p . 
The proofs, however, are much more involved. 
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5 (D) q implies bilinear estimate 

Theorem 5.1. Let 1 < p < oo and ^ + ^ = 1- If the L q Dirichlet problem for the biharmonic 
equation in Q is uniquely solvable, then the bilinear estimate $1.8\) holds. 

The proof of Theorem 15.11 relies on the following technical lemma. 

Lemma 5.2. Let 1 < q < oo. Suppose that the L q Dirichlet problem for the biharmonic 
equation in Q is uniquely solvable. Also suppose that u G C°°(Q), V 3 u exists a.e. on dQ, 
and u = on Q\B(P, r) for some P G dQ. We further assume that for some Co > C\ > 10, 
ncB(P,C r), 

B(p,c ir )nn = B(p,c ir ) n {{x',x d ) ■. x d > r](x')}, 

A 2 u G L q (tt) and M(VD d D d u) G L q (B(P,5r) n dQ). Then, 

[ \M(V 3 u)\ q da < C [ \X7D d D d u\ q da + C [ \D d D d u\ q da 
Ji(2r) Jan Jan 



+ C I \ A 2 u\ q dx + C [ \X7 3 u\ q dx, 
Jn Jk 



(5.1) 



where I(t) = B(P, t) n dfl and K is a compact subset of Q. 
Proof. We may assume that P = 0. Let 

s = «-r.(A>») = «<«)- /r (l - s) .A W * 

Jn 

where T(x) is the fundamental solution of the biharmonic equation with pole at the origin. 
Then A 2 u = in Q and 

I \M(V 3 u)\ q da < C [ \M(V 3 u)\ q da + C [ \M(V 3 T * (A 2 u))\ q da. (5.2) 

Jl(2r) Jl(2r) J I(2r) 

We now estimate both terms on the right hand side of (15. 2p . beginning with the second term. 
Using Lemma 12.21 as well as the fractional and singular integral estimates, we obtain 

f \M(V 3 T * (A 2 u))\ q da < C [ |V 4 r* (A 2 u)\ q dx + C [ |V 3 r* (A 2 u)\ q dx 
J Kir) Jn Jn ^ 2^ 



< C / \A 2 u\ q dx. 



To estimate the first term in the right hand side of (15. 2p . we use the square function 
estimate (12. 4p to obtain 



! \M(V 3 u)\ q da < C [ \(V 3 u)*\ q da 
Ji(2r) Jan 



<C I \S{V 3 u)\ q da + C sup \V 3 u\ q , 
Jan k 1 



(5.4) 



10 



where K\ is a compact subset of Vt. With the well known interior estimates for biharmonic 
functions, we can handle the second term in (15 .4p in the following way: 



sup \V 3 u\ q < C [ \V 3 u\ q dx < C [ \A 2 u\ q dx + C [ \V 3 u\ q dx 
Ki Jk 2 Jn Jk 2 



(5.5) 



where K 2 D Ki is a compact subset of f2. 

Next we will estimate the term involving the square function in (15. Ah with the following 
observations, 

S(V 3 u) = S(V 3 T*(A 2 u)) <C [ \A 2 u\dx on m\B(0,3r), (5.6) 

Jn 



S(V 3 u) < C^S(yD d D d u) + sup|V d «|| on 5(0, 3r) nffi, (5.7) 

where K 3 D K 2 is a compact subset of f2 and 5"(w) denotes a square function of w, defined 
by using a regular family of nontangential cones which are slightly larger than the ones used 
for S(w). Estimate (I5.6P is a simple consequence of the fact that u = on Q\B(0,r), while 
estimate (15 .7\\ follows by applying Lemma [2.11 twice. 
Now, using estimates (I5.6P and (15 .7p we obtain 



(5.8) 



/ \S(V 3 u)\ q da = [ \S(X7 3 u)\ q da+ [ \S(V 3 u)\ q da 
Jan Ji{3r) Jan\i(3r) 

<C\ I S{VD d D d u) q da+ [ \A 2 u\ q dx + sup\V 3 u\ q 

{Jl{3r) Jn K 3 

<C\ [ \(VD d D d u)*\ q da+ [ \A 2 u\ q dx+ [ \V 3 u\ q dx 
I J an Jn Jk 4 

<C\ f \(VD d D d u)*\ g da+ [ \A 2 u\ q dx+ [ \V 3 u\ q dx 
I J an Jn Jk 4 

where we have used the square function estimate H 2 . 3 1) in the second inequality. 
Note that D d D d u is biharmonic in Q. We claim that 

(VD d D d u)* e L q (dn). (5.9) 

Assume the claim for a moment. We may then use the solvability of the L q Dirichlet problem 
to estimate the first term in the right hand side of (15.81) . This, together with Lemma |2.2[ 
gives 
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\{VD d D d u)*\ q da 
an 



< 



C [ \VD d D d u\ q da + C [ \D d D d u\ q da 

JdQ JdQ 



<C \\7D d D d u\ q da + C \WD d D d (T*(A 2 u))\ q da 
'an Jan 



+ C [ \D d D d u\ q da + C [ \D d D d (T*(A 2 u))\ q da (5.10) 
Jan Jan 

cl \VD d D d u\ q da + C [ \D d D d u\ q + C [ |V 4 r * {A 2 u)\ q dx 
Jan Jan Jn 

+ C I |V 3 r* {A 2 u)\ q dx + C [ \V 2 T * (A 2 u)\ q dx 



< 



<C\ / \VD d D d u\ q dcr+ [ \D d D d u\ q da + [ \A 2 u\ q dx\ . 
{Jan Jan Jn ) 

By combining estimates (15.21) . (15.31) . (15. 4p . (15. 5p . (15.81) and (15.101) . we obtain the desired 
estimate. 

Finally we need to prove the claim (15. 9p . Since VD d D d u is bounded in Q \ B(0, 2r), we 
only need to show that (VD d D d u)* G L q (I(3r)). Note that if A 2 w = in Q, we may use 
interior estimates to show that 

(w)* < CM an (M{w)) on/(3r), 

where Mqq denotes the Hardy-Littlewood maximal operator on dQ. Hence it is enough to 
prove that M{W D d D d u) G L q (I(5r)). But this is easy as M{W D d D d u) G L q (I(5r)) by the 
assumption and the desired estimate for A4(VD d D d T * (A 2 u)) follows directly from Lemma 
12.21 The proof of Lemma 15.21 is now complete. □ 

We now proceed to the proof of Theorem 15.11 

Proof, (of Theorem 15. ip It suffices to consider the case supp(g) C B(P ,r) where P$ G dfl 
and B(P , C\r) D dfl is given by the graph of a Lipschitz function after a possible rotation. 
For otherwise write g = Y^f=i d^j where (fj G C^{R d ) and (fj = 1 on dQ. Then, v = ^2 Vj 
where Vj is the solution of the L 2 regularity problem with boundary data D a (gipj) and we 
have 



\A[f,g]\<J2\Mf,^9}\ 



3 

< 



C^{||V t V(^)|| p + ||V(^)|| p +||^|| p ||||V/|| g + ||/|| g } 
<c|||V t V^+||V^|| p +|b|| p }|||V/|| 9 +||/| 



(5.11) 
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Assume Pq = and choose ip G Cq°(B(0, 4r)) such that ^ = 1 on 5(0, 3r) and < 
(7 r -l Q l f or | | < 4. Now define 

POO 

U-i(x',Xd) = — u(x' , s)i/j(x' , s) ds, 

poo poo 

ii-2(x',Xd) = u(x',s)ip(x',s)dsdt. 

J Xd J t 

Note that D d U-2 = and D d D d U-2 = uip in ft and in particular D d D d U-2 = u on 
5(0, 3r) n ft. Also, note that 

/>oo 

A 2 u_! = - A 2 {u(x',s)ip(x',s)}ds 

POO 

= - {ADiip ■ DiAu + 2Aip ■ Au + 4DiD k u ■ DiD k tp 

+ADiU ■ DiAip + u ■ A 2 ip} ds 



where we've used the fact that A 2 u = in ft. Since supp(VV ; ) C 5(0, 4r) \ 5(0, 3r), it 
follows that on 5(0, 2r) n ft, 

|A 2 u_i| < Csup\u\, (5.12) 



K 



where K CC ft is compact. 

Let w = vtp where (p G C^°(5(0, 2r) and ip = 1 in 5(0, r). Then, 

d . , /" dw x 1 
w ■ — — Au da — — — ■ Au da 



w ■ n k D k DiDiD d D d u_2 da- / n k D k w ■ DiDiDdDdU^ da 

dflm J dCl m 

where ft m | ft- 

We begin by working with the second term in the right hand side of (|5.13p . Note that 
n k D k w ■ DiDiD d DdU-2 da 

D k w ■ (n k D d - n d D k )DiDiD d u^2 da + D k w ■ n d D k DiDiD d u- 2 da 

dflm J dflm 

{n k D d - n d D k )D k w ■ DiDiD d u^ 2 da 

dflm. 



+ DkwndDkDiDiDdU^da. (5.14) 

J dflm. 

We now consider the first term in the right hand side of (15.131) . Using integration by 
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parts we obtain 

w ■ n k D k DiDiD d D d u^2 da 
I w ■ (n k D d - n d D k )D k DiDiD d u_ 2 da + w ■ n d D k D k DiDiD d u^ 2 da (5.15) 



(n k D d - n d D k )w ■ D k DiDiD d u^ 2 da + / w ■ n d D k D k DiDiD d u_ 2 da. 
By combining equations (15.131) . f!5.14p . and (15.151) we obtain 

w ■ n k D k DiDiD d D d U- 2 da - / n k D k w ■ DiDiD d D d U- 2 da 
/ (n d D k - n k D d )w ■ D k DiDiD d u_ 2 da + (n k D d - n d D k )D k w ■ DiDiD d u_ 2 da 
D k w ■ n d D k DiDiD d U- 2 da + w ■ n d D k D k D l D i D d U- 2 da 



n k D d w ■ D k DiDiD d u_ 2 da + (n k D d - n d D k )D k w ■ DiDiD d u_ 2 da 
w ■ n d D k D k DiDiD d U- 2 da 
I D d w ■ (n d D k - n k D d )D k DiDiU- 2 da + / [n k D d - n d D k )D k w ■ DiDiD d u_ 2 da 

J 80, j J dQm 

+ w ■ n d D k D k DiDiD d U- 2 da 
(n k D d -n d D k )D d w ■ DkDiD.u^da + / (n k D d - n d D k )D k w ■ D^U-ida. 
+ / w ■ n d D k D k DiDiD d u^ 2 da 
Therefore we have proved that 



d . . f dw . . 
w ■ —Am da — — — ■ Au da 



Ln m dn " J dQm dn 

{n k D d - n d D k )D d w ■ D k DiDiU- 2 da (5.16) 

<9f2 m 

+ / (n k D d - n d D k )D k w ■ DiDiU^i da + w ■ n d D k D k DiDiD d u_ 2 da. 

We now let m — - > oo. Note that the left hand side of (15.161) becomes A[f,g] in view of 
Lemma 12.41 The second term on the right hand side has a limit because both V 2 w and V 2 v 
have nontangential limits a.e. on dQ and their nontangential maximal functions are in L 2 
since u and v are L 2 solutions of the regularity problem. The first term on the right hand 
side of (15.161) can be handled by Lemmas 12.51 and 15.21 Recall that w is supported in the 
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ball B(Q, 2r). Thus, Lemma 15.21 implies that Ai(V 3 U- 2 ) £ L q (I(8r)). It then follows from 
Lemma 12.51 that V 3 w_2 has nontangential limits a.e. on J(2r) and (V 3 w_ 2 )* G L q (I(2r)). 
The final term on the right hand side of (I5.16P has a limit because u has nontangential limits 
a.e. on dQ and because of estimate (15.121) . Thus, letting m — ► oo in the equation (15.161) 
leads to 

| A[/, g] | < C | ||VtV(flr^) ||p|| V 3 M _ 2 ||, + |M| P sup |u| } . (5.17) 
Note that since the L q Dirichlet problem in Q is solvable, we have that 

sup | u | < C||(u)1|, < C{\\Vf\\ q + ll/IIJ • (5.18) 

K 

Thus, we only need to estimate ||V 3 u_2|| g . To do this we apply Lemma [5.21 to obtain 

/ \V 3 u. 2 \ q da<C [ \V(wp)\ q da + C [ \u^\ q da 
Jan Jan Jan /g 

+ C [ |V 3 w_ 2 | 9 dx + C [ \A 2 u. 2 \ q dx. 
Jk Jn 

Note that by the interior estimates and the solvability of the L q Dirichlet problem we have 

f \V\- 2 \ q dx<C sup \u\ q <c\ [ \f\ q da+ [ \Vf\ q da\. (5.20) 
Jk k (.Jan Jan J 

To estimate the last term in (15.191) we use Hardy's inequality twice to obtain 

/ \A 2 u_ 2 \ q dx < C [ \A 2 u„ 1 \ q {dist{x,dn)} q dx 
Jn Jn 

<C I \A 2 (uij)\ q {dist{x,dtt)} 2q dx 
Jn 

<C I {\V 3 u\ q + \V 2 u\ q + \Vu\ q + \u\ q ) {dist{x,dn)} 2q dx (5.21) 
Jn 

<C [ {\(Vu)*\ q + \(u)*\ q }da 
Jan 

<C f {\Vf\ q +\f\ q }da. 
Jan 

Thus, combining estimates (15.191) . (15.201) and (15.211) we obtain 

||V 3 M _ 2 ||,<c(||V/|| g +||/|| 9 1. (5.22) 



In view of ( 15.171) . ( 15.181) and ( 15.221) . we may conclude that 



\Hf,g}\ < cj||v t v#|| p + \\v g \\ p + 



l|v/||, + ||/|| s 



Since A[f,g] = A[g, /], this completes the proof. □ 
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6 {R) P implies bilinear estimate 



Theorem 6.1. Let 1 < p < oo and ^ + ^ = 1. If the IP regularity problem for the biharmonic 
equation in Q is uniquely solvable, then the bilinear estimate $1.8\) holds. 

The proof of Theorem 16.11 is similar to (and slightly simpler than) that of Theorem 15.11 

Lemma 6.2. Let 1 < p < oo. Suppose that the LP regularity problem for the biharmonic 
equation in Q is uniquely solvable. Also suppose that u G C°°(Q), V 3 w exists a.e. on dQ, 
and u = on Q\B(P, r) for some P G dQ. We further assume that for some Co > C\ > 10, 
ncB(P,C r), 

B(p,c ir )nn = B(p,c ir )n {(x',x d ) ■. x d > v (x')}, 

A 2 u G L P (VL) and M{V 2 D d u) G L P (B(P, 5r) n dQ). Then, 

[ \M(V 3 u)\ p da < C [ \V 2 D d u\ P da + C [ {\V D d u\ p + \D d u\ p } da 
Jl(2r) Jan Jan (a 1 \ 

r r ( ' 

+ C \A 2 u\ p dx + C / \V 3 u\ p dx, 
Jn Jk 

where I(t) = B(P, t) H dfl and K is a compact subset of Q. 

Proof. We will only give a sketch of the proof, as it is similar to that of Lemma I5.2I Let 
u = u — T * (A 2 u). An inspection of the proof of Lemma T5.2I shows that it suffices to bound 
|| (y 2 D d u)*\\ p by the right hand side of (I6.1I) . To this end we first note that D d u is biharmonic 
in Q. Also, since A 2 u G L P (Q) and Ai(V 2 D d u) G L p (I(5r)) by assumption, it follows from 
the same argument as in the proof of Lemma I5.2I that 

(V 2 Ai?7)* G L p {dQ). (6.2) 

As a result, we may use the solvability of the L p regularity problem in Q as well as Lemma 
[2T2lto obtain 



\{V 2 D d u)*\ p da 



< C I { | V 2 D d u\ p + \VD d u\ p + \D d u\ p ) da (6.3) 
Jdn 

<C [ \V 2 D d u\ p da + C [ {\VD d u\ p + \D d u\ p } da + C [ \A 2 u\ p dx. 
Jdn Jdn Jn 

This finishes the proof. □ 

We now are in a position to give the proof of Theorem 16.11 

Proof, (of Theorem 16. II) By a partition of unity as well as rotation and translation we may 
assume that supp(g) C 5(0, r), G dQ, and B(0, C\r) H dfl is given by the graph of a 
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Lipschitz function. Since the integral of Am • |^ on d£l is clearly bounded by the right hand 
side of fll.Sp . it suffices to bound 







lim / w ■ —Am da 

m ^°° lan m on 



(6.4) 



where w = vtp with ip E C^°(B(0, 2r)) and y = 1 in -8(0, r). 

To this end we define U-x as in the proof of Theorem 15.11 and write 

d 

w ■ —Am = w ■ {rijDd — naDAD^Au-i + w ■ m^A 2 m_i, 
on 



It follows that 



L 



/ (njD d — n d Dj)w ■ DjAu_i da + w ■ ndA 2 U-\ 
< C ||V t (^)||L9(an)||A / i(V 3 M_i)||LP(/(2r)) + C\\g<p\\ Lq ( d n) ■ sup \u\, 

A 



lim 

m— >oo 



(6.5) 



(6.6) 



where K CC Q is a compact set. First, note that since the L p regularity problem is uniquely 
solvable we have 



sup \u\ < C\\(u)% < C {||V t V/|| p + || V/|| p + \\f\\ P } • 



A' 



(6.7) 



Also, note that since (R) p in f2 is uniquely solvable, we have (V u)* E U'(dil). By Hardy 
inequality, this implies that A 2 u_i E L P (Q) and .M (V 2 -D^-i) E L p (I(5r)). Hence we may 
apply Lemma [6.21 to the function U-\. This leads to 



J(2r) 



mi 



\M{V 6 u- X )\ p da < C / <^ |V 2 (m/>)| p + \V(uif>)\ p + \uip\ p \ da 



+ C / \A 2 u^\ p dx + C / \V A u^\ p dx 

<C I j|V 2 w| p + |Vm| p + \u\ p ^da 

+ C [ \A 2 (ui>)\ p {dist(x, dtt)} p dx + C sup 
Jn Ai 



it 



<C { |(V 2 n)*| p + \iVu)*\ p + \(u)*\- 
Jan I 

<C J {\V t Vf\ p +\Vf\ p +\f\ p }dff, 



da 



(6.* 



where we have used Hardy's inequality in the second inequality and the L p regularity estimate 
in the last inequality. The desired estimate for L now follows from (I6.6p . (I6.7p . and (I6.8I) . □ 
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7 Bilinear estimate implies (R) p and (D Jq 

In the previous two sections we proved that both the solvability of (D) g and the solvability 
of (R) p imply the bilinear estimate (11.81) . We will see in this section that the converse is also 
true. 

Theorem 7.1. Let 1 < p < oo and ^ + - = 1. Suppose the bilinear estimate U.8\) holds for 
any f,g £ Cq°(R ). T/ien £/ie L p regularity problem is uniquely solvable. 

Proof. To establish the existence in (R) p , it suffices to show that if g G C^°(R d ) and u is the 
unique solution of the L 2 regularity problem with boundary data D a g, then estimate (11.61) 
holds. The existence of solutions with data in WA 2 ' p (d£l) follows from this by a standard 
approximation argument (see e.g. [12] for the case of second order elliptic systems). 
Let Q m | ^- It follows from the Green's identity (12.131) that 

* w = L {^ ATI * - Ar ■ da + L ■ Au - r ■ M da - (71) 

This implies that 



D 3 D k u(x) = ^ | —ADjD k T x ■ u - ADjD k T x ■ — J da 

+ ! l^-DjD k T x • Au - DjD k T x ■ ^-Au\ da. 



(7.2) 



To deal with the first term in the right hand side of (17. 2p . we use the following identity, 
n e D e ADjD k T x ■ u - ADjD k T x ■ n e D e u 

= (mDj - n J D e ){D l AD k T x ■ u] - (n e D k - n k D e ){D e AT x ■ D jU } 

+ D e AT x ■ (n e D k - n k D e )D jU + (n.D, - n,D ] ){AD k Y x ■ D £ u} 
- AD k T x ■ (njDi - n e Dj)D e u, 

which may be verified by a direct computation, using the fact that A 2 T X = in M. d \ {x}. 
In view of (17. 3p . we may use integration by parts to obtain 

DjD k u(x) = / D e AT x ■ (n e D k - n k D f )Djudo- 

J dflm 

- / AD k T x ■ (rijDt — mDj)Deuda (7.4) 

Jdflm 

+ / [^DjDkT* ■ Au - DjD k Y x ■ J^Aw j da. 

We now let m —>■ oo in ( 17.4ft . It follows from (14.21) that 

DjD k u{x) = I jk (x) - A[g, DjD k r x ] (7.5) 
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where 



/ D e AT x ■ (niD k - rikD^DjU da - I AD k T x ■ (rijDi - n e Dj)D e u da 
Jan Jan 



'an Jan 
and A [ , ] is the bilinear form defined by (14.11) . Clearly, 

\\(I jk )*\\ p <C\\V t Vu\\ p . (7.6) 

To handle the second term in the right hand side of (17. 5p . we observe that the bilinear 
estimate (II. 8p implies that 

T g (f)=A[gJ] 

defines a bounded linear functional on WA 1,q (dCl) which can be identified with W l ' q {dVt) x 

L q (dVt) by the map (/ , fx,..., fd) -> {fo,nxfx + h n d f d ). It follows that there exist 

functions G , G S £, H in L p (dQ) such that 

T g (f) = J ^G se (n s D e - n e D s )f + G f + H^- \ da (7.7) 

and 

\\Gu\\p + \\G\\ P + \\H\\ P < C \\T g \\ < C { \\V t Vg\\ p + \\Vg\\ p + \\g\\ p }. (7.8) 
As a consequence, we obtain 

d 



an 



A[g, DjD k T x ] = I { G se (n s D e - n e D s )D 3 D k Y x + G Q DjD h T* + H—DjD k T x } da 



and 



\\(A[g,D 3 D k T x ]y\\ p < c|||V t V^|| p + ||V^|| P + ||^|| p |. 
In view of (17. 5p . (17. 6p and (17.91) . we have proved that 



(7.9) 



||(V 2 «)*|| p <C|||V t V^|| p +||V^|| p + y 

The estimates of ||(Vw)*|| p and ||(w)*|| p are much easier and hence omitted. 

Finally we remark that in the proof of the next theorem, it will be shown that the 
bilinear estimate (11.81) implies the existence of solutions in (D) q . By Theorem 13. II this gives 
the uniqueness in (R) p . The proof of Theorem 17.11 is now complete. □ 

Theorem 7.2. Let 1 < q < oo and - + - = 1. Suppose the bilinear estimate (T775]) holds for 
any f,gE C^°(M. d ). Then the L q Dirichlet problem in Q is uniquely solvable. 

Proof. It follows from the proof of Theorem 17.11 that the bilinear estimate (ll.8p implies the 
existence of solutions in (R) p . By Theorem 13.21 this gives the uniqueness in (D) q . 

To establish the existence in (D) q , we will show that for any / G C^°(lR d ), the unique 
solution of the L 2 regularity problem with boundary data D a f satisfies the estimate 

||(Vti)1| 9 <C7{||V/|| 9 +||/|| ff }. (7.10) 
19 



The existence of solutions with general data in WA ' q (d£t) follows by a standard approxima- 
tion argument. 

It follows from (17. ip that 



- I i ~K~DjT x ■ Au - DaY x ■ -^-Au\ da. 
Jdn m [dn dn J 

To handle the first term in the right hand side of (17.111) . we use the identity 

T^&DjT* ■ u = {n k D j - n j D k ){D k AY x ■ u] - D k AY x ■ (n^ - n 3 D k )u 
and integration by parts to obtain 

Dju(x) = I lD k AT x ■ (n k Dj - nj D k )u + DjAT x • da 



(7.11) 



T-DiT* ■ Au - D,Y X ■ —Au \ da. 
On On 



(7.12) 



Letting m — > oo in (17.121) gives 

D j u(x) = I i {x)+k[f,D j T*\, (7.13) 

where 



J !.D k AT x ■ (n k D 3 - n 3 D k )u + DjAT x ■ ^ J da. 



It is easy to see that < C ||V/|| g . 

To estimate the nontangential maximal function of the second term in the right hand 
side of (17.131) . we observe that by the bilinear estimate (II. 8p . 

S f (g)=A[f,g]=A[g,f] 

defines a bounded linear functional on the space X 2 ' p (dQ) and its norm is bounded by 
C{\\Vf\\ q + ll/IIJ- Here X 2 'P(dtt) is the completion of 

{9 = (9a)\a\<i = (D a g\ dn ) lal ^ : g G C™(R d )} 

under the norm 

||#IU 2 >P(8f}) = W^t9a\\p+ WdaWp- 

\a\=l \a\<l 

We further note that using the map 



9 = {9a)\ a \<i -> (g a , {jhD k - n k Di)g a ) 



\a\<l,l<i<k<d 
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the space X 2,p (dQ) may be regarded as a subspace of Y — L p (dfl) x • • • x L p (dQ). By the 
Hahn-Banach Theorem, 5"/ extends to a bounded linear functional on Y. It follows that 
there exist functions H a ,H aik in L q (dQ) such that 

S f(d) = / 9aH a da + ^2 / ( n i D k - n k Di)g a ■ H a>itk da 

\a\<l JdQ a,i,k Jdn 



and 



Thus 



£ \\H a \\ q + \\ H ^MU < c \\s f \\ < chvf\\ q + 

|a|<l a,i,k ^ ' 



A[/, AH = V / D a DiT x ■ H a da + V / (n* A - n^^Ar" • ^ 
and as a consequence, we obtain 

|| (A[/, Ar1)*|| 9 < Cl W H "h + E II^H*} ^ cjllWllg + ll/llg}- (7-14) 

^ |a|<l ^ ^ 

This, together with the estimate for Ij(x), gives the desired estimate (I7.10p . □ 



8 Proof of Theorems II. 2L 11.41 and 11.5 



By combining Theorems 15.11 16.11 17.11 and I7.2| we obtain Theorem 11.21 and thus Theorem 11.11 
It follows from Theorem 1.1 in [23] that for any q > 2, (D) q in Q is solvable if and only 
if there exist C > and r > such that for any Q G dfl and < r < r , the weak reverse 
Holder condition 



1 



~(2-l 



1/9 

|(Vu)*| 9 da|> <q 



J(Q,r) 



1 



,d-l 



|(Vw)*| 2 rfa 



J(Q,2r) 



1/2 



U) 



holds for any biharmonic function w in f2 with the properties that (Vit)* G L 2 (dQ) and 
m = |Vw| = on I(Q,3r). Similarly, by Theorem 1.1 in [12], given any p > 2, (i?) p in 
£7 is solvable if and only if there exist C\ > and r x > such that for any Q G <9fi and 
< r < the weak reverse Holder condition 



1 



I/P 

\{V 2 u)*\ p da } <d 



I(Q,r) 



1 



-d-1 



(V 2 uY\ 2 da 



I(Q,2r) 



1/2 



(8.2) 



holds for any biharmonic function u in f2 with the properties that (V 2 w)* G L 2 (dQ) and 
it = |Vw| = on I(Q,3r). Hence, by Theorem II. 1[ the solvability of (D) g for g < 2 is 
equivalent to the weak reverse Holder condition (18.21) with p = Theorem 11.41 now 

follows from the well known self-improving property of the weak reverse Holder inequalities. 
Finally we give the proof of Theorem 11.51 



21 



Proof, (of Theorem II. 5p . Let Q be a convex domain in R d , d > 2. It was proved in [23] that 
(D) q in f2 is solvable for 2 < q < oo. By Theorem 11.11 this implies that (R) p is solvable for 
1 < p < 2. To establish the solvability of (D) q and (R) p for the remaining ranges, we need 
to use results in [121 EE] • 

Let u be a solution of the L 2 regularity problem in Q. Suppose that u = |Vw| = in 
B(P, 5r) fl Q for some P G dQ and < r < r . It follows from Theorem 1.1 in [13] that 

IV72 I S C S 1 f I |2 j 

sup I V w| < — < — / |u| ax 

B(P,r)nf2 r I r JB(P,3r)nn 

This, together with the assumption u = \ Vtt| = on -B(P, 5r) fl (9fi, gives that 

1 /2 

sup |V 2 w|<c(^-/ \(V 2 u)*\ 2 da\ . (8.3) 

B(P,r)nC l r JB(P,3r)r\dn J 

By Theorem 1.1 in [12], estimate (18.31) implies the solvability of (R) p for any 2 < p < oo. In 
view of Theorem 11.11 we also obtain the solvability of (D) q for 1 < q < 2. As a result, the 
LP Dirichlet and regularity problems in Q are solvable for any 1 < p < oo. Finally we note 
that the weak maximum principle ( ll.lOp follows from the solvability of (R) p and (D) q for 
some p > d — 1 and q < ^E§> by an argument of Pipher and Verchota (see e.g. [H]). □ 
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